In this paper, the generalized second law (GSL) of thermodynamics and entropy is revisited in the context of cosmological models in Gauss-Bonnet gravity with the boundary of the universe is assumed to be enclosed by the dynamical apparent horizon. The model is best fitted with the observational data for distance modulus. The best fitted geometric and thermodynamic parameters such as equation of state parameter, deceleration parameter and entropy are derived. To link between thermodynamic and geometric parameters, the "entropy rate of change multiplied by the temperature" as a model independent thermodynamic state parameter is also derived. The results show that the model is in good agreement with the observational analysis.
INTRODUCTION
Recent observations of high redshift type Ia supernovae, the surveys of clusters of galaxies, Sloan digital sky survey ( SDSS) and Chandra X-ray observatory reveal the universe accelerating expansion and that the density of matter is very much less than the critical density [1] . In addition, the observations of Cosmic Microwave Background (CMB) anisotropies indicate that the universe is flat and the total energy density is very close to the critical one [2] .
The observations strongly indicates that the universe presently is dominated by a smoothly distributed and slowly varying dark energy (DE) component. A dynamical equation of state ( EoS) parameter that is connected directly to the evolution of the energy density in the universe and indirectly to the expansion of the Universe can be regarded as a suitable parameter to explain the acceleration and the origin of DE [3] - [4] . In scalar-tensor theories [29] - [24] , interaction of the scalar field with matter ( for example in chameleon cosmology) can be used to interpret the late time acceleration and smoothly varying EoS parameter [11] - [13] .
Motivated by the black hole physics, it was realized that there is a profound connection between dynamic and thermodynamic of the universe (see for example [14] - [25] ). In particular, the validity of the GSL [27] which state that entropy of the fluid inside the horizon plus the entropy associated with the apparent horizon do not decrease with time, has been the subject of many studies.
In order to differentiate between cosmological models, a sensitive and robust geometric diagnostic for dark energy models is proposed by [29] that makes use of statefinder parameters. It probes the expansion dynamics of the universe through higher derivatives of the expansion factor as a natural companion to the deceleration parameter. In [28] the authors discussed GSL, entropy and geometric parameters, including statefinders in chameleon cosmology with bouncing behavior. They also introduced the "entropy rate of change multiplied by temperature" parameter as a geo-thermodynamic parameter which can be used to differentiate among cosmological models. The parameter, which defined in terms of the second derivative of the scale factor of the universe and relates the geometric properties of the cosmological models with the thermodynamic one, together with deceleration parameter is adopted to explain the dynamic of the universe. Here, in Gauss-Bonnet gravity, by best fitting the mode parameters with the observational data for distance modulus using the chi-squared method, we implement the same analysis as [28] . The advantage of best fitting the model parameters with the observational data is to find a more realistic and physically motivated understanding of the results.
The paper is organized as follows: Section two is devoted to the model independent, thermodynamic formulation of the cosmological models in relation to the dynamical parameters. In section three, we derive the field equations for Gauss-Bonnet cosmological model.
In section four we best fit the model with observational data and obtain constraint on the model parameters. A geo-thermodynamic study is presented in section five with a summary given in section six.
GSL AND ENTROPY
According to the recent observational data from type Ia Supernovae in an accelerating universe, the enveloping surface should be the apparent horizon rather than the event one [30] . So, we assume that the universe is enclosed by the dynamical apparent horizon with the radius given by R h = 1 √ H 2 in a flat FRW universe [25] . By the horizon entropy and temperature , the dynamics of the entropy on the apparent horizon is [27] ,Ṡ h = 2πR hṘh .
Also, from the Gibbs equation, the entropy of the universe inside the horizon can be related to its effective energy density and pressure in the horizon with,
where S in is the internal entropy within the apparent horizon and p ef f is the effective pressure in the model. If there is no energy exchange between outside and inside of the apparent horizon, thermal equilibrium realizes that T = T h . Hence, the expression for internal energy can be written as
h . From equation (2), by using Friedmann equation in the cosmological models and doing some algebraic manipulations we find that the rate of change of the internal entropy, horizon entropy and total entropy are respectively,
For the rate of change of the internal entropy, equation (3), we find that for an expanding universe with acceleration, H > 0, and −1 < ω ef f < −1/3 in quintessence era,Ṡ in < 0. On the other hand, in phantom era, ω ef f < −1, and decelerating universe, ω ef f > −1/3, we obtainṠ in > 0. From equation (4), it can be seen that again in an decelerating expanding universe and when ω ef f > 0, thenṠ h ≥ 0. Otherwise,Ṡ h ≤ 0. Finally, in equation (5), the sign of the total rate of change of the entropy,Ṡ t , for an expanding universe is independent of EoS parameter.
THE MODEL
We start with the action
where G is the Gauss-Bonnet invariant coupled with the scalar field φ and V (φ) is the potential. In the FRW cosmology the field equations for the metric and also scalar field are
2Ḣ + 3H
where dot means and prime mean derivative with respect to cosmic time and scalar field respectively and G = 24(ḢH 2 + H 4 ). From equations (7) and (8) one can define the effective EoS parameter as ω ef f ≡ ω φ + ω Gf , where
To study the thermodynamic behavior of the model at late time, the structure of the dynamical system is revisited by taking into account the following dimensionless variables,
and parameter
We then rewrite the field equations in terms of these variables as
whereḢ
Also, the Hamiltonian constraint, (7), becomes
In order to close the system of equations we make the following ansatz: We consider that
where α and β are dimensionless constants characterizing the slope of potential f (φ) and V (φ). There are no priori physical motivation for these choices, so it is only purely phenomenological which leads to the desired behavior of phantom crossing. Using the constraint equation (18) the three first order coupled nonlinear differential equations reduces to two equations for the new dynamical variables χ and ζ. In the next section we solve the equations by best fitting the model parameters α, β and initial conditions χ(0), ζ(0), and H(0) with the observational data for distance modulus using the χ 2 method. The advantage of simultaneously solving the system of equations and best fitting the model parameters is that the solutions become physically meaningful and observationally favored.
COSMOLOGICAL CONSTRAINTS
The difference between the absolute and apparent luminosity of a distance object is given by, µ(z) = 25 + 5 log 10 d L (z) where the luminosity distance quantity,
With numerical computation, we solve the system of dynamical equations for χ, ζ and Ω V . While best fitting the model parameters and initial conditions with the most recent observational data, the Type Ia supernovea (SNe Ia), in order to accomplish the mission, we need the following two auxiliary equations for the luminosity distance and the hubble
To best fit the model for the parameters α, β and the initial conditions χ(0), ζ(0) and H(0) with the observational data, SNe Ia, we employe the χ 2 method. We constrain the parameters including the initial conditions by minimizing the χ 2 function given as
where the sum is over the SNe Ia data. In relation (22) , µ Table I shows the best fitted model parameters and initial conditions. Figs. 1 shows the best-fitted one dimensional likelihood for the model parameters α, β.
In Fig. 2 , the two dimensional likelihood and the confidence level at the 68.3%, 95.4% and 99.7% are shown.
In Fig. 3 , the distance modulus, µ(z), in our model is fitted with the observational data for the model parameters α, β and initial conditions for χ(0), ζ(0) and H(0) using χ 2 method in both cases of power law and exponential functions.
Next, we examine our numerically solved and best fitted model with some other observational analysis. The geometric parameters such as EoS parameter and deceleration parameter together with thermodynamic parameters like entropy will be discussed. In addition, a description of the model is given by introducing the "total entropy rate of change, S total , multiplied by temperature T " as a physical variable. 
GEO-THERMODYNAMIC STUDY
In order to understand the behavior of the universe and its dynamics we need to study the cosmological parameters such as EoS and deceleration parameters. We have already verified our model with the current observational data via the distance modulus test. The
EoS parameters analytically and/or numerically have been investigated by many authors for variety of cosmological models. The effective EoS parameter in terms of the new dynamical variables is given by
With the best-fitted model parameters and initial conditions with the observational data, the effective EoS parameter is shown in Fig. 4 ) top. The graph shows that the universe starts from matter dominated era at higher redshift; enters the quintessence dominated era at z = 0.5 where the universe begins accelerating in the near past. The result can be verified by Fig. 4 )below for the best fitted deceleration parameter in which q < 0 for z < 0.5.
In Fig.5 , the dynamics of internal and total entropy rate of change are plotted. The graph forṠ in shows that at z > 0.5 where the universe begins accelerating and the effective EoS parameter becomes less than 1/3, the internal entropy rate of change becomes negative as expected from eq. (3). Moreover, from the Fig. 5 )below, we observe that the total entropy rate of change,Ṡ total is always positive that can be verified by eq. (5).
From the graphs, at higher redshifts, the EoS parameter is positive (matter dominated era) and the universe decelerates. TheṠ total gradually increases to its maximum value at z = 0 whereas EoS parameter decreases to its minimum value. Motivated from [28] , the "total entropy rate of change multiplied by temperature T " in terms of the new dimensionless dynamical variables and best fitted model parameters is given by
The parameter u is presented in terms of thermodynamic variables entropy and temperature or with the expressionḢ H 2 which is a geometric quantity. We consider it as a geothermodynamic variable that relates the geometric properties of a cosmological model to its thermodynamic one. In Fig. 6 , the best fitted u is shown with respect to the redshift z. The dynamical behavior of u is very similar to the dynamics of EoS and deceleration parameters.
From the graph, in matter dominated era at higher redshift, u is constant. At about z ≃ 5, it starts to decrease sharply until about z ≃ 0.1 in the near past when it become flat again.
In Fig. 7 , we finally reconstruct the potential function V (φ), the coupled function f (φ) and alsoφ against redshift z for with the best fitted model parameters. As can be see, while the coupling function f (φ) is almost flat and low for z < 0, it grows rapidly in near future.
On the other hand, the negative potential V (φ) starts growing fast at very far redshift, 15000 < z < 22000, but approaches zero later in the past till now. The velocityφ also begins with large values in the far past and tends to zero in the near past till now.
SUMMARY
In this paper we investigate the geometric and thermodynamic properties of the GaussBonnet gravity. By best fitting the model parameters with the recent observational data for distance modulus using the chi-squared statistical method, we achieve a more reliable and physically motivated understanding of the results. From numerical calculation, the geometric dynamical variables such as EoS and deceleration parameters show that the universe transits from a period of matter dominated era and approaches a period of quintessence dominated era in the near past where the universe accelerate, but it never enters the phantom dominated era in the near past. A thermodynamic analysis shows that the rate of change of the total entropy of the universe is always positive which is consistent with the geometric findings. Furthermore, the rate of change of the internal entropy, when the universe enters quintessence dominated era (accelerating period), become negative as expected.
Following our previous work in [28] , in a geo-thermodynamic prescription of the model, a new dynamical variable is derived for the model that inter-relate the geometric and thermodynamic properties of the cosmological models. Finally, we reconstructed the potential function, the coupled function and the velocity of the scalar field velocity in terms of best fitted model parameters. The results show that f (φ) has relatively more contribution to the late time acceleration than V (φ) andφ.
